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A numerical solution was developed for the equations governing the turbulent ﬂow around
single concentric long capsule in a pipe. First, a turbulence model was established for the
concentric annulus between the capsule and the pipe to simulate the ﬂow as axi-symmet-
ric, two dimensional, steady ﬂow without edge effect. Second, the same case was consid-
ered taking into account the edge effect. Finally, turbulence modelling was established
to simulate the case as a three dimensional steady ﬂow, with a view of investigating the
validity of axi-symmetric ﬂow assumption. Three different turbulence models were used:
an algebraic model (Baldwin–Lomax model) and two types of two-equation models (k–e
and k–x). Obtained results of pressure gradient along the capsule were compared with
available experimental data to verify the used models. In addition, experimental data of
the velocity proﬁles of other investigators were also used in this concern. The results pre-
dicted by the three different turbulence models were shown to agree well with the exper-
imental data, though precision differed from one to another.
 2009 Elsevier Inc. All rights reserved.1. Introduction
Hydraulic capsule pipeline (HCP) is a transportation method, which uses ﬂoated capsules to transport cargoes through a
pipeline. The water is used both to ﬂoat (suspend) and push (drive) the capsules through the pipeline. Capsules travel at 1.8–
3 m/s in the pipe. HCP is suitable for transporting bulk materials such as grains and other agricultural products, and muni-
cipal solid waste, which do not require high speed for delivery. HCP was ﬁrst tested and studied in Canada at Alberta Re-
search Center during the period 1958–1978 [1]. In 1991, the National Science Foundation in the United States established
a Capsule Pipeline Research Center (CPRC) at the University of Missouri-Columbia (UMC) to develop various capsule pipeline
technologies, including Hydraulic Capsule Pipeline (HCP), Pneumatic capsule Pipeline (PCP) and Coal Log Pipeline (CLP). It
resulted in extensive research and development in HCP, bringing the technology close to commercial use [2,3]. Liu and Rhee
[4] studied, theoretically and experimentally, the behavior of non-uniform-density capsules. Lenau and El-Bayya [5] pre-
sented a theoretical model for unsteady hydraulic capsule ﬂow using the method of characteristics. Cheng and Liu [6] studied
the tilt of stationary capsule in pipe and presented theoretical and experimental models for such capsule. Huang et al. [7] and
Azpuz and Shirazi [8]investigated the effect of the drag reduction additives on the capsule pipeline performance.
Liu and Marrero [9] studied the coal-log pipeline transportation of Western Coal. The coal-log pipeline design and eco-
nomics were studied and presented by Liu [10]. An extension of this work was made by Liu et al. [11] to study the economics. All rights reserved.
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of hydrodynamics, effect of polymer additives, unsteady capsule ﬂow, wear of coal logs, coal log manufacturing, economics
and the state of development were highlighted.
Several researches were performed on modelling turbulent ﬂow in annular space. Markatos et al. [13] provided mathe-
matical analysis and numerical solutions for the ﬂow in narrow skewed annuli to predict static pressure and velocity ﬁelds.
Markatos et al. [14] studied and provided predictions of hydrodynamics and chemistry of conﬁned turbulent methane–air
ﬂames in the annulus between two concentric tubes combustor to. Govier and Aziz [15] presented an overview for laminar
and turbulent capsule ﬂows in concentric and eccentric pipelines. They studied both cylindrical and spherical shapes of cap-
sule. Garg [16] studied the effect of a non-uniform clearance over the capsule length taking into account the friction between
the capsule and the pipe surfaces. Garner and Raithby [17] estimated the capsule velocity and velocity proﬁles for laminar
eccentric capsule ﬂow in the annulus.
Tomota and Fujiwara [18]analyzed the laminar ﬂow capsule velocity and pressure drop across the capsule in hydraulic
and pneumatic pipelines. Fujiwara et al. [19] and Tomita et al. 20] used the method of characteristics to study hydraulic cap-
sule transport parameters such as the pressure drop, capsule velocity, capsule speciﬁc gravity, and the type of ﬂow. Laminar–
turbulent transition was numerically modeled by Ogawa et al. [21] to predict the velocity proﬁle and pressure gradient in
concentric annuli. The wake of capsule and the effect of interaction between two capsules on the drag were studied exper-
imentally by Tsuji et al. [22].
Sud and Chaddock [23] presented a numerical model for developing and fully developed ﬂow in annulus. They reports
drag calculations for vehicles in very long tubes. Polderman et al. [24] provided a numerical model for turbulent lubrication
ﬂow in an annular channel and measured experimentally the velocity proﬁle and the pressure gradient in the annulus. Their
numerical prediction was in good agreement with the experimental data.
Markatos [25], Ferziger and Peric [26] and Wilcox [27], considered comprehensively the turbulence modelling; its impor-
tance, its properties, the closure problem, the algebraic models, the one and two equation models, the effects of compress-
ibility, beyond the Boussinesq approximation, numerical considerations, and the new research horizons such as large eddy
simulation (LES), direct numerical simulation (DNS) models and the Reynolds stress (RSM) models.
Swamee [28,29] extended the Kroonenberg’s [30] mathematical model by including the expansion loss at capsule tail and
the surface resistance loss in the inter-capsule distance. He derived an expression for the effective friction factor in which he
integrated all types of losses. Also he performed a parametric study to obtain minimum power-loss conﬁguration, cost con-
siderations, optimization and design algorithm. Agarwal and Mishra [31] presented another design example and showed the
variation of optimum diameter and length with cargo transport rate.
As described by Liu [3], the motion of capsules in a pipe can be classiﬁed into four regimes as shown in Fig. 1. In Regime 1,
the bulk ﬂuid velocity, Vb is so low that insufﬁcient drag is developed on the capsules to overcome the contact friction be-
tween the capsules and the pipe in order to move. Consequently, capsules of density higher that ﬂuid rest on the pipe ﬂoor,
whereas lighter density capsules rest against the pipe top. Regime 2 starts when the velocity of the ﬂuid is high enough to
cause the capsules slide along the pipe (Vb > Vi, where Vi is the incipient velocity at which the capsule starts to slide). How-
ever, the ﬂuid velocity in Regime 2 is still relatively low, the contact friction between the capsules and the pipe is high, and
the capsule velocity, Vc is less than the ﬂuid velocity. By increasing the bulk velocity (Vb) beyond those in Regime 2, the pres-
sure drop along the capsule (propelling force) is higher than the pressure drop of that of a ﬂow free of capsules. Hence, the
capsule velocity overtakes the ﬂuid velocity. Also in Regime 3, the shear stress around the capsule (resisting force) is lower
than the shear stress of the free of capsules. This is because the relative velocity between the ﬂow in the annulus and the
capsule wall is lower than the relative velocity between the bulk velocity and the pipe wall; the pipe wall is ﬁxed and
the capsule wall is moving in the same direction of the ﬂow in the annulus. These two parameters cause the capsule to accel-
erate to reach a velocity higher than the bulk ﬂuid velocity Vb until the balance takes place between the pressure force and
the shearing force on the capsule. This does not contradict with the continuity equation. The continuity equation will beVb  p4 d
2
p ¼ Vc 
p
4
d2c þ Va 
p
4
d2p  d2c
 
;Fig. 1. Four regimes of hydraulic capsule pipeline ﬂow [3].
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According to the ASCE Task Committee on Freight Pipelines of the Pipeline Division [32] and Liu [3], measurements of Vb
and Vc in Regime 3, conform that the capsule velocity Vc is greater than the bulk ﬂuid velocity Vb and the annular velocity Va
is very low. This satisﬁed the above-stated continuity equation.
Regime 3 ends when the ﬂuid velocity is so high that the capsules are lifted off the pipe wall and become waterborne
(Vb > VL where VL is the capsule lift off). Thereafter, the ﬂow enters Regime 4.
Because of the importance of the hydraulic capsule pipeline in applications of material transportation, a research program
concerning this typeof transportationmodehasbeenstartedat theMechanical EngineeringDepartment,AlexandriaUniversity
in cooperation with others since 2002. At the beginning of this research program, Khalil and Hammoud [33,34] provided an
experimental investigation of the HCPwith drag reducing surfactant to study its effect on the systemperformance (capsule tilt
velocity, capsule velocity andpressure gradient). They reported an experimental analysis of the effect of the upward anddown-
ward inclination of the pipe on the capsule lift-off velocity, capsule towater velocity ratio, and ﬂowpressure gradient. The sec-
ond stage of the program, Khalil et al. [35] established a numerical laminar annular ﬂowmodel around amoving core in a pipe.
The present study is a continuation of this program to include the practical case of turbulent capsule ﬂow. Turbulent ﬂow
around a lifted off concentric long capsule is considered as two and three-dimensional ﬂow in annulus between concentric
long capsule and pipe, i.e. without and with considering the edges effects, respectively. The ﬂow in the entrance region
(developing region) in the annulus at the capsule tail is considered as a two-dimensional ﬂow where the velocity proﬁle
is developed until it reaches the fully developed velocity proﬁle. The developing and fully developed region lengths are esti-
mated, the velocity proﬁles are predicted, and the pressure drop is calculated.
2. Problem description
Fig. 2 shows the problem considered as a single long capsule in concentric position in a pipe that is to be solved for dif-
ferent capsule-to-pipe diameter ratios, different capsule velocities, and different Reynolds numbers. In the present study, the
capsule and pipe dimensions are taken from van den Kroonenberg [30]; 0.8, 0.85, and 0.9 capsule-to-pipe recommended
diameter ratios, 2.64 m core length, and 7 cm pipe diameter. The carrier liquid is water. The ﬂow enters at the capsule tail
as uniform ﬂow at Reynolds number, ranging between 3500 and 19,301. Capsule velocities measured by van den Kroonen-
berg [30] are considered. It varies from 0.85 m/s to 2.65 m/s.
3. Mathematical formulations
3.1. Governing equations
Axi-symmetric Navier Stokes Equations (NSE) in redial r and axial z directions, (Eq. (1) and (2), respectively), are numer-
ically solved to obtain the ﬂow velocity components in r and z-coordinates. The pseudo-time iteration method is used to iter-
ate the solution until steady state solution is achieved. The pressure correction technique is implemented by assuming a
pressure distribution to estimate velocity components and then correcting the pressure gradient to satisfy the continuity
equation (Eq. (3)). This technique is explained in details in several computational ﬂuid dynamics textbooks [36,37,26]. A sim-
ple ﬂowchart for this technique is shown in Fig. 3, where (X) represents the pressure gradient correction term.
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Fig. 3. Pressure correction technique ﬂowchart.
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¼ 0: ð3Þ3.2. Turbulence models
The turbulent eddy viscosity, lt, is estimated using the Boussinesq approximation. Three different models are utilized.
One is an algebraic model (Baldwin–Lomax model) and the others are two-equations models (k–e and k–x models).
3.2.1. The algebraic Baldwin–Lomax model [27]
– Inner layer (y+ < ym+): whereyþ ¼ Uty=m; ð4Þ
where
Inner shear stress (sI) (at capsule wall).
Outer shear stress (so) (at pipe wall) .
The friction velocity at capsule wall:ﬃﬃﬃﬃ
s
rUti ¼ Iq: ð5Þ
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Fkleb ¼ 1=ð1þ 5:5  ð:3  y=ymaxÞ2Þ; ð11Þ
Fmax ¼ ð1=jÞ  ðLmax  xmaxj jÞ; ð12Þ
yþm ¼ 420:Note that in the present study, y+ is always < 420 so that the modelling for the inner layer is considered only.
3.2.2. The standard k–e model [27]
– Turbulent viscosity.lt ¼ qClk2=e: ð13Þ
– Turbulence kinetic energy.@k
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– Turbulent viscosity.lt ¼ qk=x: ð17Þ
– Turbulence kinetic energy.@k
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: ð21Þ3.3. Boundary conditions
For the pipe inner wall and capsule outer circumferential wall, the law-of-the-wall is implemented. The so-called ‘‘uni-
versal” law-of-the-wall represents the logarithmic mean velocity proﬁle in the fully turbulent region of the inner layer. The
velocity at the point next to the capsule wall is given by Eq. (22).Vzi ¼ Vc  Uti 1j ln
Utiy
m
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where C ¼ 5:0: ð22ÞNote that the logarithmic law of the wall is subtracted from the capsule velocity to obtain the ﬂow relative velocity to the
capsule speed. Also, the axial velocity at the capsule wall equals to the capsule velocity, Vc, and the radial velocity equals zero
at the wall (no slip condition).
The axial and the radial velocities, at the pipe wall, equal to zero (no slip condition). In addition, the velocity at the point
next to the pipe wall is expressed as:Vzo ¼ Uto 1j ln
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: ð24ÞThe inlet ﬂow is assumed uniform. Therefore, The Velocity proﬁle at the inlet to the annulus is constant (Vz = Va ‘‘where Va is
inﬂow axial ﬂow velocity” and Vr = 0). According to [38], the boundary conditions at the inlet are calculated as follows:kinlet ¼ Ck V2a ; Ck ¼ 0:003; ð25Þ
einlet ¼ Cl k3=2inlet= ðRo  RiÞCe½  where Ce ¼ 0:03; ð26Þ
xinlet ¼ einlet=ðkinletClÞ; ð27Þ
Vz ¼ Va and V r ¼ 0: ð28ÞThe outlet ﬂow parameters (Vz,Vr and dP/dz) are computed by extrapolating from the interior values.
3.4. Finite difference approach
A staggered grid principle, Fig. 4, is applied to minimize the interpolations at the each cell surfaces and to simulate the
real physical ﬂow ﬁeld [37]. The pressure gradient and turbulent eddy viscosity are calculated at the points (i, j), (i + 1, j), (i,
j + 1), . . . , while the axial velocity Vz is calculated at the points ðiþ 12 ; jÞ; ðiþ 32 ; jÞ; ðiþ 12 ; jþ 1Þ; . . . , and the radial velocity Vr is
calculated at the points ði; jþ 12Þ; ði; jþ 32Þ; ðiþ 1; jþ 12Þ; . . . ;.
The implicit Forward differencing in time, backward differencing in z-direction (Upwind) and central differencing in r-
direction is applied. The ﬂow velocity proﬁles are solved line by line. The diffusion term, @
2Vz
@z2 is discretized using central dif-
ferencing instead of backward differencing since the backward difference yields to unstable solution [37].
Fig. 4. Staggered grid.
2006 M.F. Khalil et al. / Applied Mathematical Modelling 34 (2010) 2000–20173.5. Including the edge effect into the 2-D and 3-D models
The same case of the turbulent long capsule ﬂow is solved by taking into account the edge effects. This case is solved by
using the commercial software FLUENT. In these models, the capsule wall is ﬁxed and all other boundaries move relative to
it. The entrance and exit regions are meshed with the annular region, as shown in Fig. 5, to comprise the edge effects. TheFig. 5. The grid used to solve the long capsule with edge effects.
Fig. 6. The Grid meshing for 3D model.
M.F. Khalil et al. / Applied Mathematical Modelling 34 (2010) 2000–2017 2007grid is clustered near the pipe and capsule walls to precise capture the velocity gradient at the wall. Fig. 6 illustrates a Hex/
Wedge-Cooper unstructured mesh for the ﬂow around a moving capsule inside the pipe.4. Results and discussion
To guarantee the grid independency on the numerical solution, Several grid size are considered; 40 * 1000, 80 * 2000
and 160 * 4000 grid points in redial and axial coordinates, respectively. Comparing the results of the ﬁrst two proposed
grids shows a small but not accepted deviation. While the results of the third grid are almost coincide with that f the sec-
ond grid, hence the grid of 80*2000 points is used in the present work. More details about the grid independency studies
for 2-D and 3-D cases in addition to the CPU time requirements for typical runs and the ﬁnite difference schemes may be
found in [39].4.1. 2-D Axi-symmetric turbulent long capsule ﬂow without edge effects
Three different diameter ratios 0.8, 0.85, and 0.9 are considered with different capsule velocities and different Reynolds
numbers. The prediction included results of developing velocity proﬁles, entrance length, pressure distribution along the
capsule at different Reynolds numbers, and drag coefﬁcients. The predicted results are compared with the mathematical
model of [30] and the experimental data of [40] over a Reynolds number range up to 165,000 in pipe and up to 19,301 in
annulus at the different capsule-to-pipe diameter ratios. Also, the velocity proﬁles obtained experimentally by Polderman
et al. [24]are used to validate the present model results over an annular Reynolds number range up to Rea = 23,200 at dif-
ferent pressure gradients.
Fig. 7 shows the pressure distribution calculated by the three different turbulence codes in comparison with the pressure
gradient for the fully developed ﬂow obtained experimentally by Dul [40] as well as that obtained from van den Kroonenberg
equation. It is obvious that the predicted results using the three different turbulence models are close to each other and to
the Kroonenberg model for diameter ratios and different Reynolds numbers. The fully developed pressure gradients pre-
dicted by the numerical models are shown to be in good agreement with both Kroonenberg equation [30] and Dul’s exper-
imental data [40]. Fig. 8 demonstrates a comparison between the numerically calculated pressure gradient across capsule
and that measured by [40] at different capsule-to-pipe diameter ratios and different Reynolds numbers. In order to compare
the precision of each model, Table 1 shows the average errors at different diameter ratios. It reveals that the k–e model re-
sults in the best agreement with the experimental data (least error).
Fig. 9 shows the developing velocity proﬁles obtained using different turbulence models at kr = 0.9 and Re = 137,717. It
is clear that the inlet uniform velocity proﬁle is developing until it reaches the fully developed velocity proﬁle. In the present
case (0.9 diameter ratio, Re = 137,717), the entrance length (the length in annulus of developing velocity proﬁle until the
fully developed velocity proﬁle is formed) and its percentage ratio relative to the capsule length estimated by the three dif-
ferent turbulence models are listed in Table 2.
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Fig. 7. Comparison between the pressure distributions along capsule obtained numerically and that obtained by van den Kroonenberg [30,40] experimental
data.
2008 M.F. Khalil et al. / Applied Mathematical Modelling 34 (2010) 2000–2017
M.F. Khalil et al. / Applied Mathematical Modelling 34 (2010) 2000–2017 2009Fig. 10 shows a comparison between the fully developed velocity proﬁles obtained using the three different turbu-
lence models at different diameter ratios and Reynolds numbers. The velocity proﬁles obtained by the three turbulence
models are close to each other for all presented cases. This ensures the validity of obtained results of the three tur-
bulence models.
In order to investigate the validity of the models furthermore, another experimental data by [24] is utilized. They consid-
ered a long wire pulled inside a pipe and the annulus ﬂow is numerically and experimentally obtained at different pressure
gradient (The non-dimensionalized annular pressure gradient Pa ¼ hqV2c
dP
dx, h = Ro  Ri). The comparison between the predicted
and measured velocity proﬁles, Fig. 11, shows that the k–e model provides best agreement with the experimental data fol-
lowed by the k–xmodel. The Baldwin–Lomax model results in the least precise results compared to the experimental data.
These results resemble that previously obtained from the pressure gradient comparison.
Fig. 12 shows the drag coefﬁcient obtained by different turbulence models, in comparison with that obtained experimen-
tally, and is plotted against the Reynolds number. The average shear stress on Capsule wall is estimated using the relation
sc ¼ DPLc kD4 (derived by [30]) and the drag coefﬁcient relative to capsule wall is calculated from Cd ¼ sc12qV2c . It is clear that thecapsule drag coefﬁcient is reduced by increasing Reynolds number as well as by decreasing the diameter ratio. The compar-
ison between the results of the numerical turbulence models and that of the Kroonenberg’s experimental data [30] conforms
that the k–emodel gives the best agreement with the experimental followed by the k–xmodel. The Baldwin–Lomax model
gives the minimum precised results compared to the experimental data. A similar situation is resulted when the drag coef-
ﬁcient is computed from pressure gradient. The CPU time required to run the Baldwin–Lomax model is 2 min, to run the k–e
model is 3.5 min, and to run the k–x model is 5 min.0
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Fig. 8. Comparison between the numerically calculated pressure gradient across capsule and the measured one by Dul 40 at different capsule to pipe
diameter ratio and Reynolds number.
Table 1
comparison between the average percentage error obtained by different turbulence model relative to experimental data [40].
Diameter ratio Average % age error
k–e k–x Baldwin–Lomax
kr = 0.9 1.89 7.20 10.30
kr = 0.85 3.99 5.48 5.83
kr = 0.8 3.88 5.70 6.98
Overall 3.26 6.13 7.70
Fig. 9. Developing velocity proﬁles obtained by using different turbulence models: (a) Baldwin–Lomax model, (b) k–e model, and (c) k–x model.
Table 2
The entrance length and its percentage relative to the capsule length obtained from the three different turbulence models.
Turbulence model Entrance length le (m) %Age of le relative to the capsule length
k–e model 0.29 11%
k–x model 0.396 15%
Baldwin–Lomax model 0.211 8%
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Fig. 10. Comparison between the fully developed velocity proﬁles obtained by using the three different turbulence models at different diameter ratios and
Reynolds numbers.
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The k–emodel is considered here, for it represents the most precise model as shown previously. Initialize the solution as
uniform and allow for 0.0001 residual for all model parameters, then allow the program to iterate until reach the converging
solution as shown in Fig. 13.
Fig. 14 shows the ﬂow Streamlines at the capsule tail and front. It is clear that the ﬂuid is expanded at the capsule tail and
thus vortices appear, as the Capsule velocity is higher than the bulk ﬂuid velocity. At the capsule front, the ﬂuid is converged
from the pipe area to the annulus area.
Fig. 15 shows the velocity proﬁles at different positions relative to the inlet section. It is clear that as the section in the
pipe is far from the capsule (at locations from 0 m to 0.6 m and from 3.35 m to 3.5 m); the obtained velocity proﬁles are tur-
bulent ﬂow velocity proﬁles as that of normal pipe ﬂow.
For the section at the capsule tail (0.69 m), the velocity proﬁle on the capsule face has a velocity equals to the capsule
velocity (no slip condition) while the velocity proﬁle is formed as shown in the Fig. 15, to satisfy both the continuity equation
and the momentum equation.
For the sections in the pipe and near the capsule tail (between 0.6 m and 0.68 m), the velocity proﬁle is formed
with a shape which is something between the shape of that of normal ﬂow in a pipe and the shape at the capsule
tail.
Considering the sections in the annulus (between 0.68 m and 3.319 m), the velocity proﬁle is shaped to satisfy the con-
tinuity equation and the momentum equation. The behavior of the velocity proﬁles at or near the capsule tail is as that at or
near the capsule front.
Fig. 16 shows the pressure distribution along the pipeline including the capsule. It is clear that for the pipe section away
from the capsule, the pressure gradient is similar to that of normal pipe ﬂow. At a section just before the capsule, sudden
Fig. 11. Comparison between the velocity proﬁles obtained numerically by three different turbulence models compared to the experimental data obtained
by Polderman et al. [24].
2012 M.F. Khalil et al. / Applied Mathematical Modelling 34 (2010) 2000–2017reduction in the pressure is generated, apparently due to the presence of vortices, caused by the difference between the cap-
sule and the ﬂow velocities. For the annular section, the pressure gradient is smaller than that of the normal pipe ﬂow. This is
consistent with van den Kroonenberg’s results [30] for long capsule. For the capsule front section, the pressure suddenly in-
creases from the annulus to the pipe, a result of area expansion from the annular cross-section to the pipe cross-sectional
area and thus the pressure is partially recovered. At the pipe section in front of the capsule, it appeared that the pressure
gradient is the same as that of normal pipe ﬂow.4.3. 3-D turbulent long capsule ﬂow with edge effects
The problem is solved as 3-Dmodel to check the validity of the axi-symmetric assumption in the 2-D solution. In addition,
as a ﬁrst step to account for any asymmetric caused by any eccentric between the capsule and pipeline. Fig. 17 shows the rate
of conversancy for the 3D case of 0.9 diameter ratio and Re = 137717, using k–emodel. Fig. 18 shows a comparison between
results of pressure distribution predicted using the 3D model and the 2-D solutions. The 3-D model with relatively low cir-
cumferential nodes (16 nodes) gives a relatively higher error than the 2-Dmodel because the 3-D grid generation meshes the
circle circumferentially as 16-Sided polygon and hence decreases the overall model precision. Increasing the circumferential
number of nodes to 32 nodes reduces the error. While the results of the 64- nodes 3-D model coincide with the 2-D results
and gives the same percentage error.
To examine the validity of the present 2-D numerical solutions and the FLUENT’s axi-symmetric and 3-D predictions, the
predicted pressure gradients of all models are compared with that measured by Dul [40] in Table 3. In Fluent program, to
utilize the wall function boundary condition, the redial dimensionless distance (y+) must be greater than 11.225. Therefore,
the maximum number of radial nodes in annulus should not exceed nine [39]. Accepted solutions with small errors are ob-
tained for either 2-D or 3-D FLUENTmodels although the no. of nodes in the annulus is very low (9 nodes). In the present 2-D
numerical model, whereas the wall function is always employed regardless of the number of nodes, increasing the number of
nodes results in a furthest reduction in the error (down to 0.4%). As can be noticed from comparisons, the agreement be-
tween the results of the 3-D model and those of the 2-D model indicates that solving the problem, as a 2-D problem is fair
enough and thus, no need for solving it as a rather longer time consuming 3-D case. On other hand, if the capsule is not
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Fig. 12. The drag coefﬁcient obtained by different turbulence models is plotted versus the Reynolds number.
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Fig. 13. Converging solution for 2-D model.
Fig. 14. Streamlines at capsule both edges (W in kg/s).
2014 M.F. Khalil et al. / Applied Mathematical Modelling 34 (2010) 2000–2017concentric with the pipe, for example, during a capsule lift-off from the pipe wall, the 3-D model is mandatory. This situation
is currently investigated as a continuation of the present work.5. Conclusion
The present study, of utilized turbulent models for two- and three-dimensional steady ﬂow, predicts the ﬂow properties
in concentric annulus with and without edge effects. Three different turbulence models (Baldwin–Lomax, k–e and k–xmod-
els) are used to estimate the pressure gradients, drag coefﬁcients and velocity proﬁles for a ﬂow in annulus between a single
Fig. 16. The pressure distribution along the test section including the capsule.
Fig. 15. Velocity proﬁles at different positions.
M.F. Khalil et al. / Applied Mathematical Modelling 34 (2010) 2000–2017 2015long capsule and a pipe. The prediction results are in good agreement with the available experimental data in a wide range of
Reynolds numbers and practical diameter ratios. In addition, the 2-D and 3-D, k–e turbulence models, employed for the sin-
gle long capsule with edge effect, are used to predict the ﬂow streamlines, pressure distribution, and velocity proﬁles in the
developing and fully developed regions for both pipe and annulus ﬂow. Furthermore, the coincided results of the 2-D and 3-
D models conﬁrm the validity of the axi-symmetry assumption in the 2-D model.
Table 3
Comparison between 2-D (presented model and FLUENT program) with experimental data of [40] at different no. of nodes.
dP/dz
experimental
dP/dz 2-D
Presented
model (80
radial nodes)
dP/dz 2-D
Presented
model (9 radial
nodes)
dP/dz 2D
Commercial
code (9 radial
nodes)
dP/dz 3D Commercial
code (9 radial nodes-16
circumferential nodes)
dP/dz 3D Commercial
code (9 radial nodes-32
circumferential nodes)
dP/dz 3D Commercial
code (9 radial nodes-64
circumferential nodes)
241 Pa/m 242 Pa/m 262 Pa/m 257 Pa/m 263 Pa/m 258.5 Pa/m 257 Pa/m
%Age of error 0.41% 8.7% 6.6% 9% 7.3% 6.6%
Fig. 18. Comparison between the pressure distribution obtained by 2-D and 3-D models at different number of circumferential nodes.
Fig. 17. Converging solution for the 3-D model.
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